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We study the crossover between classical and quantum dynamics by observing the be- 
havior of a quantum ratchet created by exposing a Bose-Einstein condensate to short 
pulses of a potential which is periodic in both space and time. Such a ratchet is mani- 
fested by a directed current of particles, even though there is an absence of a net bias 
force. We confirm that the ratchet behavior can under certain circumstances be the same 
in both regimes. We demonstrate that this behavior can be understood using a single 
variable containing many of the experimental parameters and thus the ratchet current 
is describable using a single universal scaling law. 

1. Introduction 

Understanding the nature of the crossover between classical and quantum behav- 
ior is one of the most important unresolved problems in physics. One place where 
the stark difference between the two paradigms becomes very clear is in classical 
non-linear systems. Classically, such a system can exhibit chaos in which it is ef- 
fectively impossible to predict its long term evolution, while in contrast because of 
the linearity of the Schrodinger equation, an equivalent quantum mechanical sys- 
tems is completely deterministic. One of the systems of choice for studying this 
behavior is the so-called delta-kicked rotor, typically realized with a sample of cold 
or ultra-cold atoms kicked by short pulses of an optical standing wave This is the 
atom optics quantum kicked rotor (AOQKR) pQ. While theory and experiment 
has been successful in elucidating some features of this and similar systems, there 
are still many aspects that remain to be discovered. Ever since its realization, it 
has been one of the workhorses for studies of experimental quantum chaos. It has 
revealed a wide variety of interesting effects including: dynamical localization [2], 
quantum resonances (QRs) 2 4|, quantum accelerator modes [5,6 , and quantum 
ratchets [7rfl"5]. The latter are quantum mechanical systems that display directed 
motion of particles in the absence of unbalanced forces. They are of considerable 
interest because classical ratchets are the underlying mechanism for some biological 
motors and nanoscale devices [10]. Recent theoretical [H1H3] and experimental [8] 
studies have demonstrated that a controllable directed current arises in kicked atom 
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systems at QR. A QR occurs when the kicking period is commensurate with the 
natural periods of the rotor and is characterized by a quadratic growth of the kinetic 
energy with time. The question of what happens to a ratchet away from resonance 
was addressed in a recent theoretical paper |16) . In that work, the authors devel- 
oped a classical-like ratchet theory and proposed the existence of a one-parameter 
scaling law that could be used to predict the ratchet current for a wide variety of pa- 
rameters. It was also shown that an inversion of the momentum current is possible 
for some sets of scaling variables. This was experimentally verified in Ref. |17) . 

In this paper, we report on the ratchet current behavior in the true classical and 
also at the so-called e— classical regimes, verifying that in both cases, it behaves in 
essentially the same way. It is shown that the ratchet current exhibits an inversion 
(negative current) for certain families of experimental parameters. We demonstrate 
that this can be explained by a scaling law when the ratchet is close to the classical 
limit or one of the QRs. The effect of the initial momentum width of the atomic 
distribution on the off-resonant ratchet is also investigated. 

2. Theory 

The dynamics of the AOQKR system can be described by a Hamiltonian which in 
dimensionless units is [5 | ll8 p i9j: ti = ^-+4>d cos(X) J2 q =i <K*' ~ < ? t )j where p is the 
momentum (in units of fiG, two photon recoils) that an atom of mass M acquires 
from short, periodic pulses of a standing wave with a grating vector G = 2tt/Xg 
(Ag is the spatial period of the standing wave). Since momentum in this system 
is only changed in quanta of HG, we break down p as p = n + /3 where n and /3 
are integer and fractional parts of the momentum respectively and j3, the quasi- 
momentum, is conserved. Other variables are the position X (in units of G _1 ), 
the continuous time variable t' (integer units), and the kick number q. The pulse 
period T is scaled by Ti/ 2 = 2irM/hG 2 (the half- Talbot time) to give the scaled 
pulse period r = 27rT/T , 1 / 2 . The strength of the kicks is given by (pd — Q 2 At/85L, 
where At is the pulse length, is the Rabi frequency, and Sl is the detuning of the 
kicking laser from the atomic transition. To create a ratchet from this Hamiltonian 
it was shown in [5] that a superposition of two plane waves should be used for the 
initial state. 

A successful approach to treating this system close to resonant values of r (i.e. 
t = 2n£, with £ > integer) is the so called e— classical theory. Here the scaled 
pulse period is written as r = 2tt£ + e, where \e\ -C 1, and can be shown to play 
the role of Planck's constant. In this case the dynamics can be understood by the 
classical mapping [5lfT9]. 

Jq+i = J g + ksm(6 q+1 ), 6 q+ i=9 q + J qi (1) 

where k = \e\cj>d is the scaled kicking strength, J q — ep q + £ir + t/3 is the scaled 
momentum variable and 9 q = X mod (2ir) + ir[l — sign(e)]/2 is the scaled position 
exploiting the spatial periodicity of the kick potential. As mentioned above, for the 
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ratchet we start with a superposition of plane waves l^o) = [\0hG) + e n \lhG}] , 
or equivalently a rotor state ^=^[1 + e^ e+7 ^]. This leads to the position space 
probability distribution function P{9) = \ip{0)\ 2 = + cos(6* + 7)]. Here 7 is an 
additional phase used to account for the possibility that the initial spatial atomic 
distribution is shifted in position relative to the applied periodic potential. Although 
the distribution P{9) is quantum in origin, in what follows it will be interpreted as 
a classical probability. 
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Fig. 1. Experimental momentum distributions after exposing a BEC to short pulses of an off- 
resonant standing wave of light. The momentum distributions arc shown as a function of kick 
number (I = 1, |e| = 0.18, 4>d = 1.8 and 7 = —it/2.). Each momentum distribution was captured 
in a separate time-of- flight experiment. 



The original application of e— classical theory to the kicked rotor system showed 
the existence of a one-parameter scaling law for the mean energy [20] . This was 
experimentally verified in the vicinity of the first and second quantum resonances 
{1=1 and I = 2) in Ref. [21]. It was found that the scaled energy could be 
written as ^f^ = 1 — $o(^) + ^G(x) where x = \/q)d\e\ q is a scaling variable 
and $o( a; ) an d G(x) are closed form functions of x. Recently, the existence of a 
one-parameter scaling law for the ratchet current using the same scaling parameter 
x was proposed [16]. One of the notable features of this theory is that it predicts 
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that at some values of the scaling variable (i.e. certain families of real parameters) 
an inversion of momentum current can occur. 

In the pendulum approximation 22 , the motion of the kicked rotor in continu- 
ous time is described by the scaled Hamiltonian H' w (J') 2 /2 + \e\<j>d cos(0). Here 
J 1 = J I (a/ (pd\s\) is a scaled momentum variable. Near the quantum resonance, 
using the position space probability distribution function P(6), one can calculate 
(J' — Jq) = d8 P(9 )(J' — Jq). For \e\ < 1, Eq. ((TJ) gives a phase space dominated 

by a pendulum-like resonance island of extension 4Vfc » \e\ [20]. Hence p = and 
p = 1 essentially contribute in the same way giving Jq — so that the map in Eq. 
© ^ J' q+1 ^Vkj:^ =o sin(0 g+ i). With the scaling variable x, the average scaled 
momentum becomes (J' — Jq) = — sin 7^(0;), where 

F ( X ) = ^J sm6 J'(6 ,J =0,x)d8 . (2) 

Thus the mean momentum (units of hG) expressed in terms of the scaled variables 
is 




(3) 

where F(x) can be computed from the above pendulum approximation [16]. 



3. Experiments 

We performed our experiments using a similar set up to that described in [18) . A 
BEC of about 40000 87 Rb atoms was created in the §S\/2, F — 1 level using an all- 
optical trap technique [2 3) . Approximately 5 ms after being released from the trap, 
the condensate was exposed to a pulsed horizontal standing wave of wavelength Ag- 
This was formed by two laser beams of wavelength A = 780 nm, detuned 6.8GHz 
to the red of the atomic transition. The direction of each beam was aligned at 53° 
to the vertical to give Aq = A/(2sin53°). With these parameters the primary QR 
(half- Talbot time [31124025] ) occurred at multiples of 51.5±0.05 /us. Each laser beam 
was passed through an acousto-optic modulator driven by an arbitrary waveform 
generator. This enabled control of the phase, intensity, and pulse length as well as 
the relative frequency between the kicking beams. Adding two counterpropagating 
waves differing in frequency by A/ results in a standing wave that moves with a 
velocity v — 2nAf /G. The initial momentum or quasi-momentum j3 of the BEC 
relative to the standing wave is proportional to v, so that by changing A/ the value 
of f3 could be systematically controlled. The kicking pulse length was fixed at 1.54 
fjs, so we varied the intensity rather than the pulse length to change the kicking 
strength (fid - This was done by adjusting the amplitudes of the RF waveforms driving 
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the kicking pulses, ensuring that the experiments were performed in the Raman- 
Nath regime (the distance an atom travels during the pulse is much smaller than 
the period of the potential) . The initial state for the experiment was prepared as 




Fig. 2. Scaled mean momentum (p) / {—<t>d1 sm 7) as a function of the scaling variable x = *J {4>d\^\)l 
for i = 1. In (a) x was varied by scanning over kick number for different combinations of 0^, M 
and 7. In panel (b) x was varied by scanning over |e| with q = 8, <j>d = 3.0 (green squares), and 
with q = 10, 4>d = 2.6 (red circles). Also plotted in (b) is data from a scan over <j>d with |e| = 0.18, 
q = 8 (blue triangles). In both panels, the solid line is the function F(x)/x given by Eq. This 
demonstrates that no matter how x is obtained the scaled mean momentum is approximately 
universal. 



a superposition of two momentum states \p = 0HG) and \p — 1HG) by applying a 
long (At = 38.6/is) and very weak standing wave pulse (Bragg pulse). By using a 
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pulse of suitable strength, an equal superposition of the two aforementioned atomic 
states was created (ir/2 pulse). The Bragg pulse was immediately followed by the 
kicking pulses in which a relative phase of 7 between the beams was applied. This 
phase was experimentally controlled by adjusting the phase difference between the 
RF waveforms driving the two AOMs. Finally the kicked atoms were absorption 
imaged after 9 ms using a time-of-flight measurement technique to yield momentum 
distributions like those seen in Fig. [TJ A detailed examination of this data shows 
that the momentum distributions initially tend strongly towards positive momenta, 
followed by current reversal regions around 15 kicks where the distributions tend 
negative. This is evidence of the current inversion predicted by Eq. (|3|). 




Fig. 3. Scaled mean momentum (p) / (—4>d1 sin 7) as a function of the scaling variable x = \/ (</>dM)9 
for I = 0. x was varied by scanning over kick number for different combinations of 0^, H and 7- 
The solid line is the function F(x)/x given by Eq. J3l . 



4. Results and Discussion 

We now discuss the experiments that were carried out to observe the ratchet ef- 
fect for r's close to the quantum resonance at I = 1 and for r ~ which is the 
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true classical limit |19) . The measurements involve the determination of the mean 
momentum of the kicked BECs for various combinations of the parameters q, (pd, 
e and 7. The measured momentum was then scaled by —4>d<l sin 7 and plotted as 
a function of the scaling variable x for t = 1 (Fig. [2]) and for £ = (Fig. [3]). In 
Fig. [2a) and Fig. [3l x was changed by varying kick number, g, while in Fig. [2jb) 
different x were obtained by scanning either |e| (red circles and green squares) or (f> ( i 
(blue triangles). The solid line in both figures is a plot of the function given by 
Eq. ([3]). It can be seen that no matter how x is varied, the experimental results are 
in good agreement with the theory for many different combinations of parameters. 
An exception to this is seen in Fig. [3] at high x values. We postulate that this could 
be due to the lack of precision in the measurement of the kick strength. In addi- 
tion, there is a regime over x where an inversion of the ratchet current takes place, 
with a maximum inversion at x w 5.6. Interestingly this reversal of the ratchet 




Fig. 4. False color plot of the mean momentum current as a function of scaling variable x (the 
x— axis) and pulse period (the y— axis). The color scale is the magnitude and direction of the mean 
momentum. The deep blue color represents the lowest value of mean momentum (negative in this 
case) showing the inversion region. Note that there is a momentum current inversion close to true 
classical and e— classical (bottom and top on the y— axis respectively) regimes which disappears 
if one goes away from cither (towards the region between 1 = and 1=1). 

takes place without altering any of the centers of symmetry of the system. Even 
though the e— classical theory assumes |e| is small, the experimental results show 
that it remains valid for higher values of |e| as well. This is equally valid in the 
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true classical regime near I = 0. In fact the window of valid |e| depends on the 
kick number |20j . being rather large for small q < 10 — 15. This is expected from a 
Heisenberg/Fourier argument 19,21,26 . Since the time offset from QR effectively 




Fig. 5. Momentum current as a function of kick number for |e| = 0.006 (red crosses), |e| = 0.04 
(blue circles), \e\ = 0.07 (green diamonds), |e| = 0.09 (black stars) and |e| = 0.19 (purple squares). 
The blue solid line is the plot of (p q , r es) = — ^rp-sin7 for 4>d = 1.3 and 7 = —ir/3. The dashed 
lines are the plot of Eq. Q with corresponding |e| and the red solid line is the plot of Eq. (2) in 
Ref. [8] for /3 = 0.5 and A/3 = 0.02. 



defines a new Planck constant [5||20]. we can easily switch from the classical to the 
quantum regime by a simple change of the pulse period [27] . Figure |4] is a false 
color plot of scaled mean momentum for the pulse periods starting from close to 
true classical limit (i — 0) up to the first quantum resonance (£ — 1). The data 
were collected by scanning over the kick number for the different pulse periods. 
The data presentation is such that the scaling variable x is on the x— axis, pulse 
periods are on the y— axis and the mean momentum is plotted on the color axis. 
The deep blue color represents negative scaled mean momentum. It can be clearly 
seen that, when the pulse periods are closer to the classical limit, r = (bottom 
of the y— axis) and to the first quantum resonance r = 2n i.e. T = 51.5^s (top of 
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the y— axis), we see the inversion of the momentum current. However the inversion 
becomes faint and disappears far away from either end (in the middle) . Also visible 
near r = is a second region of inversion around x = 15. This is the same as the 
second inversion seen in Fig. [3] 

We also investigated the sensitivity of the the momentum transfer to the finite 
spread in initial quasi-momentum A/3. Figure[5]shows the plot of momentum current 
as a function of kick number for different values of |e| . The solid blue line is the plot 
of {Pq.res) = — 2 sm 7- The dashed lines are plots of Eq. (|3]) for the corresponding 
experimental parameters. The experimental results show that the farther one goes 
from resonance the sooner the momentum current turns towards negative values 
(current reversal) . These results are in good agreement with the theory except very 
close to resonance, where the red dashed curve fits poorly to the red crosses. For 
this data, we note that the suppression in momentum current is likely to be caused 
mainly by the effect of the initial spread of quasi-momentum. This phenomenon 
was also seen in Ref. [8] where the ratchet current for finite A/3 was shown to be 
(p q ,res)A[i = ELl sin[(-!r£+T^)s-j] exp l-2(ir£A/3s) 2 } . This equation with A/3 = 
0.02 (independently estimated from time-of-flight measurements) is also plotted in 
Fig. [5] (red solid line). It can be seen to agree well with experiment. Thus for 
e l Si 0.04 (corresponding to an offset from resonance of 0.3 fj,s), A/3 plays an 
unimportant role in the dynamics of the ratchet. This is because at resonance the 
total phase the momentum states acquire must be an integer multiple of 2n. Any 
deviation from this condition significantly suppresses the momentum current at 
longer times. However the momentum state phases away from resonance are already 
pseudo-random, so the phase changes caused by A/3 have a negligible effect. 

5. Conclusion 

We have performed experiments to investigate several aspects of the off-resonant 
atomic ratchet by exposing an initial atomic state which was a superposition of 
two momentum states to a series of standing wave pulses. We measured the mean 
momentum current as a function of a scaling variable x, which contained important 
pulse parameters such as the offset of the kicking period from resonance, the kick 
number, and the kick strength both in true classical (£ = 0) and the e— classical (£ = 
1) regimes. We showed that a scaled version of the mean momentum in both cases 
could be described solely by x, a result postulated by a theory based on a classical 
treatment of the system [16] . The experiment verified that for certain ranges of x 
the momentum current exhibited an inversion. We showed that the true classical 
and e— classical regimes essentially display the same behavior. However it should 
be noted that in the £ = case, the amplitude of the ratchet current oscillations 
as a function of x are more pronounced and are a better match to the theory. 
We postulate that this is due to the fact that the short time between the pulses 
near £ = provides little opportunity for dephasing effects from vibrations and 
spontaneous emission to become important. The experiment verified that for certain 
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ranges of x the momentum current exhibited an inversion. We also studied the effect 
of initial quasi-momentum width on the ratchet current away from resonance. This 
width has a large impact extremely close to resonance, but plays an unimportant 
role as we go only a little farther from resonance. Ultimately one can now control 
the strength and direction of the ratchet without changing the underlying relative 
symmetry between the initial state and the potential. In addition the crossover 
between classical and e— classical dynamics was observed. 
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